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Abstract 

Quantum Field Theory (QFT) developed in Rindler space-time 
and its thermal properties are analyzed by means of quantum groups 
approach. The quantum deformation parameter, labelling the unitar- 
ily inequivalent representations, turns out to be related to the accel- 
eration of the Rindler frame. 



PACS number(s): 02.20.-a, 04.62.+V. 



*E-mail: lambiase@vaxsa.csied.unisa.it 



1 Introduction 



In recent years there have been remarkable progresses and growing interest 
in two fields of research: quantum gravity and quantum groups (q-groups). 

Although many attempts have been made to quantize gravity, a satisfac- 
tory and definitive theory still does not exist. As well known indeed, one of 
the most discussed problems is the non-renormalizability of General Relativ- 
ity (GR), or its various generalizations, when quantized as a local quantum 
field theory. In the absence of a theory of quantum gravity, one can try to 
analyze quantum aspects of gravity by studying QFT in curved space-time, 
namely by studying the quantization of matter fields in the presence of the 
gravitational field as a classical background described by GR. 

An important result in this approach has been the discovery by Hawking 
that quantum effects can lead to thermal evaporation of black holes [jl| . Ow- 
ing to this result, different background space-times have been investigated, 
putting special attention to the Rindler space-time, associated with an uni- 
formly accelerated observer in Minkowski space-time. Davies p| and Unruh 
[0] have shown that the vacuum state for an inertial observer is a canoni- 
cal ensemble for an uniformly accelerated observer (Rindler observer). The 
temperature characterizing this ensemble is related to the acceleration of the 
observer by the relation 

T = IT- (1-1) 
/vr 

in units h = c = kB = 1- This result is known as thermalization theorem 
(for a review, see Q). We note that the replacement of the acceleration 
with the surface of gravity of a black hole leads to the Bekenstein-Hawking 
temperature. 

The purpose of this paper is to show the formal connection between ther- 
malization theorem and q-groups. Such a connection will be established by 
means of the generator of Bogoliubov transformations expressed in terms of 
quantum deformation operators of the Weyl-Heisenberg (q-WH) algebra. 

One feature of physical interest which emerges from our analysis is that 
the quantum deformation parameter is related to the Rindler acceleration; 
hence, for the equivalence principle, to the static gravitational field. From 
this result follows that the quantum deformation can be induced by the 
gravitational background. Such a conclusion, although in a different context, 
has been also observed in Ref. p. 
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Besides, as we will show, the Rindler acceleration labels the unitarily 
inequivalent representations of the canonical commutation relations. The 
existence of the unitarily inequivalent representations plays a crucial role in 
the quantization of matter fields in curved space-time and in our case, in 
the quantization of a free scalar field in the Rindler manifold. 

Here we will not present and discuss the properties of q-groups, being well 
studied in the literature. We recall only that q-groups are examples of quasi- 
triangular Hopft algebra [0 . More specifically, q-groups are the deformation 
of the universal enveloping algebra of a finite-dimensional semi-simple Lie 
algebra. Due to its richer structure than that of Lie groups, q-groups provide 
a powerful mathematical tool in different topics of modern physics: quantum 
optics 1^, quantum dissipation gauge field theory quantum gravity 
[0>[ll>etc. 

The layout of this paper is the following. In Section 2 we review the salient 
points of the thermalization theorem in order to make more transparent its 
connection with q-groups. In Section 3 we present, for one degree of freedom, 
a realization of the quantum deformation of Weyl-Heisenberg algebra in term 



of finite difference operator over the set of entire analytical functions [|12 
Finally, in Section 4, we generalize the results of Section 3 to the case of 
infinite degrees of freedom in order to establish the formal relation between 
thermalization theorem and q-groups. Section 5 is devoted to the conclusions. 

In this paper we do not study the role of the coproduct operation, nor 
do we investigate the superalgebra features of q-WH algebra in connection 
with QFT in Rindler space-time. Such an analysis needs further and deeper 
formal investigation, which goes beyond the task of present paper (concerned 
mainly to displaying the relation between the Rindler acceleration and the 
q-deformation parameter) and which we plan for future work. 



2 Thermalization Theorem 

In this Section, we shall briefly discuss the derivation of the relation between 
the inertial and accelerated description of free quantum fields in flat space- 
time. We shall treat the case of a complex massive scalar quantum field (f){x) 
in n-dimensional Minkowski space-time. 

In the accelerated frame it is customary to use the Rindler coordinates 
{r],^,;xR) which are related to Minkowski coordinates ( ) by trans- 
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formations 

x^ = ^smhr], x^ = ^cosh.T], Xm = Xr = {x'^ , . . . , x"'~^). (2.1) 

The world line of a uniformly accelerated observer is described by ^ = 
const. Its acceleration is (x^x^)^/^ = ^ = and its proper time r is 
proportional to the Rindler time r], r] = ar. The Rindler coordinates cover 
only two regions of the Minkowski space: the Rindler wedge = {x\x^ > 
|a;°|} and the wedge R- = {x\x^ < — 

The field (f){x) is solution of Klein-Gordon equation (□ + m^)0(a;) = 0, 
where □ = {—g)^^^'^d^{^/^g^^dy). 

In the Minkowski space, the quantized field (j){x) can be decomposed in 
Minkowski modes {Uk{x)} {k = {ki,k)) 

= J r-'k [a^Uuix) + alUl{x)] . (2.2) 

The set {Uk} forms (with respect to the Klein-Gordon inner product) an 
orthonormal basis; and a\ operators satisfy the canonical commutation 
relations 

= [a,, 4] = 5{k^ - k[)6ik-k'). (2.3) 

All other commutators are zero. 

The Hamiltonian operator reads Hm = J d"'~^kuk (OfcOfc + OfcoJ.), where 

iVk = \/ ki + + m^. The operators ak,dk and aj.,afc are interpreted, 
respectively, as annihilation and creation operators for the states of the 
Fock space constructed from the Hilbert space of Minkowski modes. The 
Minkowski vacuum, denoted \0m >, is defined by 

flfclOM >= flfclOM >= 0, VA;. (2.4) 

In the Rindler coordinates, the quantization of the scalar field follows the 
same prescription of the Minkowski case . The quantum field is expanded 
in terms of Rindler modes {ul^\x), a = ±} {k = {Q, k)) 



fdn J d--'kY.[b^^ui^\x) + t^'u^:^*{x)l (2.5) 



The set {ui^^} is an orthonormal basis in the wedge Ra- The canonical 
commutation relations are 

= [t\b^^'^^]=S^M^-^'m-k'). (2.6) 



3 



All other commutators are zero. The Hamiltonian operator is Hr = — 
H^^\ with 



(2.7) 



In analogy to Minkowski case, b^^\ V"^^ and l>"^''\ ft^,"^^^ are interpreted respec- 
tively, as annihilation and creation operators for the states of the Fock space 
constructed from Hilbert space associated to Rindler modes. The Rindler 
vacuum, \Qr >— |0(+) > <8)|0(_) >, is defined by 



(2.8) 



Note that the proper energy of Rindler particles seen by an accelerated ob- 
server is not fl, but aQ = uj, because Rindler modes depend on time as 
g-in»7 _ g-i(an)T Keeping in mind this point and equating the two expres- 
sions for the field 0(x), Eqs. (2.2) and (2.5), one obtains the Bogohubov 
transformations 



(-'^)t 



^jN{u/a) djf^ + ^1 + N{u/a) d^-''^^ , 



(2.9) 
(2.10) 



where k = (cD, k),k = (_cD, -fc), N{Cj/a) = (e^^-^/^-l)-! and -a = ^(±) = ^. 
The operators d and d are related to Minkowski operators a and d by the 
relation 



U>,K 



f 

J ( 



dki 



1 / i^k + ki 
sfhuJ'k Ku^k - ki 



iaui/2 



(2.11) 



and analogous expression for d~^ . These operators annihilate the Minkowski 
vacuum 



(2.12) 



and satisfy the canonical commutation relations. Transformations (2.9) and 
(2.10) will turn out to play a fundamental role in connection with quantum- 
groups. Bogoliubov transformations and the ansatz |0m >= F{b\b'^)\QR > 
(F is a function to be determined) allow to relate the Minkowski vacuum to 
the Rindler vacuum 



|0m >= Z exp 



\0r> 



(2.13) 
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where Z is a normalization constant. The physical meaning of Eq. (2.13) is 
that the Minkowski vacuum can be expressed as a coherent state of Cooper- 
like pairs of quanta in the Rindler wedges i?+ and For an operator Or 
localized in the Rindler wedge one finds < 0m\Or\0m > = tr(pO/j), where p 
is the density matrix p = e~'^^''^'^ /tTe~'^^^^^ . Hr is the Rindler Hamiltonian 
and T = a/27r. From here the thermalization theorem follows. 

Our purpose in this paper is to show that the generator of the Bogoliubov 
transformations (2.9) and (2.10) can be expressed in terms of operators of 
the q-WH algebra, thus establishing the link between thermalization theorem 
and q-groups. 



3 q-Deformation of the W-H Algebra 

In this Section we shall focus our attention on the main features of the q-WH 
algebra in terms of finite difference operator. 

The Weyl-Heisenberg algebra is generated by the set of operators {a, a\ 1} 

[a,a^]=I, [N,a] = -a, [N,a^=a^, (3.1) 

with N = a'' a and all other commutators equal to zero. The Fock space Ti is 
generated by operating with on the vacuum |0 > {a\0 >= 0). The q-WH 
algebra is generated by operators {aq,aq,Nq = N,q G C} |T^ 

[ag, ag] = g^, [N, ag] = -ag, [N, Ag] = dig . (3.2) 

In the limit g — > 1, — * a, — > a^. By following Refs. |12|, it is conve- 
nient to work in the space J-' of analytic functions because in JF the analytic 
properties of the Lie algebra structure are preserved under q-deformation. 
To this end, we will adopt the Fock-Bargmann representation |jl6[ in which 
the operators 

^ z, a ^ N ^ z—, zgC, (3.3) 
dz dz 

provide a realization of the WH algebra (3.1). In this context, the space JF 
becomes isomorphic to Ti. and has a well defined inner product. A generic 
wave function ip{z) is expressed as 

'^(z) = (^nUn{,z) , Un{z) = Z G C, 72 G A/". (3.4) 

n Vnl 
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The set {un{z)} forms an orthonormal basis in JF. The conjugation of the op- 
erators is defined with respect to the inner product in JF. In order to provide 
a reahzation of the q-WH algebra in the Fock-Bargmann representation, let 



us introduce the finite difference operator Vg (q-derivative operator) |[T^, [17 
defined as 

where f{z) G JF. T>q reduces to standard derivative in the limit g — > 1. The 
set of operators {z, j^.T^q} satisfies the algebra 

[P„z]=g^^, [zj-^,Vq] = -Vq, [zj-^,z]=z. (3.6) 

In terms of the operators {a^, a^, Nq = N}, with 

d 

N Z—, aq ^ Z, Uq^ Vq, (3.7) 

the finite difference operator algebra (3.6) becomes 

[N, aq] = -aq, [N, aq] = dq, [aq, dq] = . (3.8) 

The algebra (3.8) thus provide a realization of the quantum WH algebra. 
Following Refs. f^, |12|, the commutator [aq, dq] = can be formally written 
in JF as 

[aq, dq] = V^et(°'-"'') = ^S{e), q = e\e real. (3.9) 
iS(e) generates the following transformation 



a 



a{t) = S{t)aS ""^ (e) = a cosh e + sinh e , (3.10) 



and its hermitian conjugate. We finally observe that S{e) is an element of the 
group SU{1, 1). In fact, by defining J_ = \a'^, J+ = Jo = |(«^a + \), 
the 5^(1, 1) algebra is closed. 

In the limit Imj^} the above Fock-Bargmann representation scheme 
gives the Schrodinger representation 

Eq. (3.9) is the key relation for establishing the link between thermaliza- 
tion theorem and q-WH algebra. 
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4 Thermalization Theorem by q-Groups 

In this Section the connection between q-groups and thermahzation theorem 
will be established. Such a connection is obtained by extending the q-WH 
algebra, discussed in Section 3, from one degree of freedom to infinite degrees 
of freedom. Therefore, some preliminary considerations will be useful. 

As pointed out in Section 2, Rindler coordinates cover two disconnected 
regions of the Minkowski space-time. Then for each Rindler wedge there are 
two couples of annihilation and creation operators, one for particles and one 
for anti-particles. 

This suggests to apply results of Section 3 to the set of four operators, 
(q;(^),/?('")), (t = ±, such that q;(^)|Om >= P^^^I^m >= and satisfying the 
canonical commutation relations 

[a^'^), = [/?(-), /3(-')t] = 5,,, a,a' = ±. (4.1) 

Repeating for such operators the procedure shown in Section 3 leading to 
Eq. (3.9), one gets 

"i'^^] = yget('^^'^^^-"'^^^^) ^ ^5i(e), g ^ e% (4.2) 

q;^^) ^ Q;(^)(e) ^ Si{e)a^''^S^\e) = a^'^) cosh e + a^'^^t sinh e , (4.3) 

H'\Pi'^] = ^' e-i^^'^^'-^'^^'-^ ^ ^'S,{e), q' ^ = 1/q , (4.4) 

^ pi-) (e) = S2 (e)/5(")>S2-^ (e) = ^^"^ cosh e - /^^'^ ^ sinh e , (4.5) 

and hermitian conjugates of Eqs. (4.3) and (4.4). For simplicity in Eqs. 
(4.2)-(4.5) we dropped the a index in the Si{e),i = 1,2 generators. 

Si{e),i = 1,2 are SU{1, 1) group elements. The set of operators, {J^^ — 
= i«Mt2^ jW = l(«(-)to,{-) + 1)} and {K^^^ = i/^W^, i^f = 
i/?('^)t2^ Xi-) = i(^(a)t^(a) ^ clogg the ©(^)Sm(1, 1)(^) algebra, indeed. 

The product of the q-deformed algebras (4.2) and (4.4) yields 

n[«f = etS.[("<-'^-<-'^^)-(/3'-'^-/5^-'^^)l . (4.6) 

(T 

The formal relation between thermalization theorem and q-groups is estab- 
lished by generahzing Eqs. (4.1)-(4.6) to infinite degrees of freedom. 
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The Bogoliubov transformations (4.3) and (4.5) can be implemented for 
any k, where k label the field degrees of freedom (i.e. momentum), as inner 
automorphism for the algebra su{l, ^){k,a) |0' '^'^ every value of the param- 



eter e corresponds a copy {a^ 
W k} of the original algebra 



e),ttfc 

k 



^e),Pt\e),f3r\e),a = ±; |0(e) > 

^^ = ±;|0m > VA;}; the 
Bogoliubov generator can be thought of as the generator of the group of 
automorphisms of Q){k,a)su{l, l){k,a) parameterized by e. In this way, in the 
limit of infinite degrees of freedom, relations (4.1) and (4.6) become (for a 
n-dimensional space) 



6acr' S{k — k') , a, a' = ± - 



(4.7) 



n[«S'«S][/3S,/3S]-exp 



V 



2 {271) 



,{a)2 



G(e) . (4.8) 



Note that for simplicity q and q' denote and g^. 

In order to write the Bogoliubov generator G{e) in (4.8) in a more conve- 
nient form and to establish the connection with the results of Section 2, let 
us write it in terms of the following independent operators d!~^\ c/^ related 

to the operators a^^\[3^^'^: 



^(4'^^ + rfr^; 



(4.9) 



We recall that and rf^ '^^ are linear combinations of the Minkowski anni- 
hilation operators alone (cf. Eq. (2.11)), annihilate the Minkowski vacuum 
|0m > (cf- Eq. (2.12)) and satisfy the canonical commutation relations. 
Moreover k = (a). A;) and k = {uj,—k). In terms of them, the Bogoliubov 
generator (4.8) reads 



G{e) = exp 



V 



(2vr)( 



(4.10) 



where d"'^^p = dudp, p = {Cj,p) andp = (tD, —"p). G(e) is an unitary operator: 
G~^{e) = G{—e) = G^(e) and induces the following Bogoliubov transforma- 
tions 



d 



(^) 



G{e)d'k ^G-\e) = 4"^coshe(A;) + 4""^^ sinh e(A;) , (4.11) 
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4""^^ d^r^\^) = Gie)Sf^^^G-\e) = di^hmhe{k) + ^""^^ coshe(A;) . 

(4.12) 

dl^\e) and ^ '^\^) satisfy for any e the canonical commutation relations, i.e. 

satisfy the same algebra of the operators Sj^^ and 4~'^''- 

Transformations (4.11) and (4.12) are recognized to be the transforma- 
tions (2.9) and (2.10) provided 

dt\e)^bt\ d!-f\.)^h^-\ (4.13) 

«i-he(A:) = {-^^^^"\ (4.14) 

with k = {u,k). Eqs. (4.13) and (4.14) are the wanted result: they express 
the relation between the deformation parameter = e^^'^^ and the acceler- 
ated frame operators b^^^ and 6^ '^^ (Eq. (4.13)), and the coefficient of the 
Bogoliubov transformations (Eq. (4.14)) relating inertial and accelerated 
frame operators (cfr. Eqs. (2.9) and (2.10)). Moreover, Eq. (4.14) shows 
that the Rindler acceleration is related to the deformation parameter so that 
we can write now a = e'^^'^''*-*, and the link between thermalization theorem 
and q-WH algebra is thus established. Note that since, for a given lj, q^^a 1 
for a ^ 0, the Rindler acceleration a plays in fact the role of deformation 
parameter. 

In conclusion, our results may be summarized as follows. 

The Hilbert space Ti. of the basis vectors associated to the Minkowski 
space (inertial frame) is build by repeated action of (4°^'' ^ 4"°^^ ^) 
vacuum state \0m >■ Bogoliubov transformations, Eqs. (4.11) and (4.12), 
relate vectors of TC to vectors of another Hilbert space labeled by e = e(a), a), 
Tie, for a fixed value of the acceleration a. The relation between these spaces 
is established by the generator G{e) that maps H in H^, G{e) : H TC^ (for 
fixed a). In particular, for the vacuum state \0m > one has 

|0(e)>= G(e)|OM> , (4.15) 

where |0(e) > is the vacuum state of the Hilbert space Tig associated to the 
accelerated frame. In other words, |0(e) >= |0r >. 

By inverting Eq. (4.15) and using the Gaussian decomposition ||16[, the 
vacuum state of the inertial frame can be written as 



|0j\/ >= Z exp 



Y.jd^j d"~^P tanhe(cu,a)6(")t6^""^^ 



\0r > , (4.16) 
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where tanhe(tZ',a) = ^-'^^1°- and Z = exp[/ du J d'^~'^p lncoshe(tZ', a)]. As 
pointed out in Section 2, the relation between the two vacua, |0m > and 
\0r >, follows by the ansatz |OAf >= 6)|0/j >. In the q-groups ap- 
proach such a relation, Eq. (4.16), is directly established by the Bogoliubov 
generator, i.e. by Eq. (4.15). 

The number of modes of type 6^'^^ is given, for each fixed value of a, by 

< OmI&I^^^^&I'^^IOm >= sinh^(^,a) = ^^J^ _ ^ (4.17) 

and similarly for the modes of type Moreover, < 0(e)|0(e) >= l,Ve. 

We note that in the infinite- volume limit, we have 

< 0(e) |0a/ >^ as 1/ oo, Ve , (4.18) 

< 0(e)|0(e') >^ asV-*oo,ye,e',e=^e', (4.19) 

i.e., the Hilbert spaces Ti and Ti^ become orthogonal in the infinite volume 
limit. In this limit, as e evolves by varying the Rindler acceleration a, one 
runs over a variety of infinitely many unitarily inequivalent representations 
of the canonical commutation relations, e' in Eq. (4.19) corresponds to the 
Rindler acceleration a'. 

Because the quantum deformation parameter acts as a label for the uni- 
tarily inequivalent representations in QFT |^, the mapping between different 
(i.e. labeled by different values of q) representations being performed by the 
Bogoliubov transformations, at finite V the Rindler accelerations may be 
taken as a label for such unitarily inequivalent representations, as well. 

5 Conclusions 

In this paper, n-dimensional QFT developed for accelerated coordinates in 
fiat space-time and its thermal properties have been analyzed in terms of q- 
groups. We have shown that the Bogoliubov generator relating the annihila- 
tion and creation operators in the accelerated frame to the ones in the inertial 
frame, can be expressed in terms of commutators of the q-WH algebra. Then, 
quantum deformation parameter turns out to related to the Rindler accel- 
eration, which acts as a label for the unitarily inequivalent representations 
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of the canonical commutation relations. The link between thermalization 
theorem and q-WH algebra thus emerges. 

A possible apphcation of these results to different space-time, for instance 
to Schwarzschild space-time, is certainly of interest. In this case, the pro- 
cedure of quantization of a free scalar field follows the same prescription of 
the one in the Rindler manifold and the surface of gravity characterizing the 
black hole plays the role of the Rindler acceleration. Then, one can conclude 
that the deformation parameter is related to the surface of gravity. 

As our analysis shows, quantum deformations are mathematical struc- 
tures underlying the QFT in "curved" space-time. This strongly suggests 
a deep connection between q-groups and quantum gravity, and encouraging 
results in this direction have been obtained in different contexts |TD|, [T^]. 
However, much work is still needed to obtain a full understanding of this 
subject. 
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